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Preliminaries and Notations

¢’ = ¢(t;)
u = (u;) vector with compost i

n unit outer normal .

Uy = U.N
Oyu=Vun=Nn+T
N =0, u.n
T = 0,.u — N.n tangent
. Ou
U= —

ot
. 0%
U= —

ot?
H’ dual of H

H'(2) = (H'(2))’
LY(R2) = (L'(2))”
— strong convergence.

— Weak convergence .
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Introduction

The problem of dynamic unilateral contact with friction has been examined in may fields,
as well as in many aspects of every day life. For this reason, in recent years they have been
widely studied considering various constitutive laws and boundary conditions. Only some
examples are the work of Kikuchi and Oden [I] as well as Chau and al.|2] Laursan and
Chawla [3], Bencache and al.[4] or Khenous and al.[5]. J.Kim [6] shows existence of weak
solutions of the obstacle problem for a wave equation. In [7], M.Cocou use regularization
of contact stress and constant friction coeffition to show existence of weak solution to the
dynamic signorini problem with constant coefficient of friction.

In this memoir we will study the dynamic problem two cases Static case and dynamic case.
We begin our work by a chapter presenting mathematical preliminaries witch will be used in
the next charters. In the second chapter we study the static case of the simplified signorini
problem for proved view existence and uniqueness of solution. In the next chapter we study
the dynamic case of signorini problem with theorem existence. Finally we conclude our

work with a conclusion involving the main results and respective.



Chapter 1

Notations and mathematical
preliminaries

1.1 Reminders on functional spaces

All results in this section are in [8]. We recall below some definitions and theorems of
classical functional analysis that will be used in subsequent chapters. Here all functions
considered are real-value. Let x € R", 2 open subset of R", K C (), n positive integer, o

is a multi-integer, |a| = >""" | o; then we define the differential operator D* by

o]
D® = D ...D = 0

0zt e

we denote by C'(2) The space of continuous real functions in 2. We say that K is relatively
compact in , if the adhesion of K (i.e K) is a compact (i.e Closed and bounded) included
in Q noted by K CC 2. Also it notes

Cm(Q) ={veC(Q)D e C(Q) for |af <m}.

We call the support of the function v define in closed set €2

suppv = {z € Q;v(z) # 0}.
We said that the function v has compact support in 2. We denote by

Ci(Q) ={v e C(2),v a compact support in 2}



Let
C* =N ,C™(9).

We denote by D(2) Called the space of test functions, the space C§°(€2). Functions infinitely
differentiable with compact support in 2 with the topology boundary inductive as in the
theory of distributions of L. Schwartz. We note by D’(Q2) the dual space of D(Q2) So
the space of continuous linear forms on D({2), called D’(€2) The space of distributions( or
generalized functions) on © and we equip the strong dual topology( i.e f; — f in D'(Q)
if (fi,) — (f,)Vo € D(Q)) where (.,.) is the product of duality between D(£2) and
D'(Q). For p given by 1 < p < oo designates by

1/p
LP(Q2) = {v measurable on ; such that |[v]|, = (/ \v\p) < oo}
Q

we recall that (LP(Q), ||||p> is a Banach space, and separable, for 1 < p < oo is reflexive.

For p = 2, the space L?(Q) is a Hilbert space equipped with the scalar product

(u,v) = / u(z)v(z)de.
Q
We will identify the space L?*(€2) to its dual. For p = oo is denoted by

L* = {v measurable on Q; such that |v| < oo},

where |v| = {supesszcq |v(x)| =inf {C;|v(z)| c.p.d x € Q}} we recall that (L, ||| ) is
a Banach space. For all 1 < p < oo is the Holder inequality if v € LP(Q) and v € L¥' (Q)

1 1
such that — + = = 1
p P

/Q u(eyo(z)dz < [l o],

Theorem 1 The space C§°(2) is dense in LP(Q) V1 < p < oo. we said that X — Y, for
(X, |I-lx) and (Y,].|ly-) norms space, means X C Y with continuous injection, that is to

say there exists a constant C such that

fully < lullx Vue X.



1 <p < oo we have D(2) — LP(Q) — D'(2) We will define the Sobolev space
WmP(Q) = {v, D% € LX(Q), for |a| <m},
with the norm

\p

ollyms = | D ID%I} ] if pel,00)

laj<m

[ullyymp = max [[D%][ ,
|aj<m

is a Banach space. We denote by Wi () adherence of C§° in the space W™P(QY); For all
p € [1,00) we have
WP (Q) — W™P(Q) — LP(Q).

In the case p = 2 we use the notation
H™(Q2) = W™P(Q).
equipped with the scalar product

(U, 0)y,, = Y (D, D).
|a|<m
The space H™(Q2) Is a Hilbert space. We also posed H"(2) = Wy () the negative Sobolev

spaces are dual spaces of space Wy"*(£2)
Wy ™ (Q) = (W5 ()

with the norm
(u,v)
= sup

[P TP T—
Wy P Q) uGWgn’p(Q) HUHW(;’"’p(Q)

The space Wo_m’p/(Q) is Banach( separable and reflexive), if 1 < p < 00). Since D(Q2) dense
in H}(Q), then we have H}(Q) C L*(Q) € H Q).

Theorem 2 Suppose that §2 satisfies the property of the cone and < p < oco. Then

1. C(Q) — W"P(Q) With the dense injection.
mp—n_y o mpon

2. ifmp > n then WP (Q) — C*(Q) whatever integer k with
p p




Now the space vector valued functions, a Banach space is considered X the norm ||.||y and

an open interval I C R. We note by
C*I;X)={v:I — X;D € C(I; X) for |a| <k}
Ck(I; X) is a Banach space for the norm

‘Ule(I_;X) = Z sup || D%v(z)]|

|O¢|§]€ zel

C>®(I; X) of the space infinitely differentiable functions in v I values in X and with by
D(I; X) the space C§°(1; X), i.e the space functions of C*°(1; X) with compact support in
I provided by the inductive limit topology. Designates by D'(I; X) the space of distributions
on I with values in X defined by

D'(I; X) = L(D(I; X); X)

where L(U,V') denotes the space of linear and continuous functions from U to V. Let
p € [1,00] we denoted by LP(I; X) the space of( class) functions f : I — X measurable
such that t — || f(t)||x either LP(I) is a Banach space for the norm

1/p
1l o) = (/X | fI% dﬂ) < 00 p # 00,

[/l = supess || fllx

It can be proved the following properties
1. D(I; X)C LP(I; X) Cc D'(I; X).
2. If p < oo then D(I; X) is dense in LP(I; X).

We denote by W'?(I; X) the space of( class) functions f € LP(I; X) such that f € LP(I; X)

where f 1s the weak derivative of f. Provided by the norm

s = Wi+ ]

WP(I; X) is a Banach space.



Proposition 3 For all p > 1 we have
1. W([; X) c L=(I; X)NC(I, X).
2. If is bounded, then C=(I,X) is dance in WP(I; X)

Definition 4 If X and Y are Banach spaces, X C Y with embedding continuous space,
Cs([0, T, X) is defined as the space of the functions v : [0,T] — X such that the real
function of a real variable

E—> (b, 0(0) 0 x

is continuous over [0,T] for all h € X'.
Lemma 1 Let X and Y under the conditions of the last definition

i) If, in addition, X is a reflexive Banach space, then

L=(0,T; X)NC([0,T):Y) c Cy([0,T]; X).

ii) Let U another Banach space such that X C U C Y is the embedding and X C Y

is compact. If F is bounded in L*°(0,T;X) and 86_]15: = {f;f € .7-"} is bounded in
L7(0,T;Y), with r > 1, then relatively compact F in C([0,T];U).

Proof.
i) We find the result in [9] lemma 8.1 page 297

ii) We can find the result in [10]

1.2 Trace theorem and generalized Green formula

Theorem 5 Let € is open class C*. Then we can uniquely define the trace yv of H'(£2)
in HY/2(T') such that
Y(v) = vlr, if v e [CT(Q)"

6



It is well known that if the domain Q € CY there exist only linear applications determined
Yo of HY(Q) in HY2(T') and vp of H'(Q) in H;/Q(l") such that

V(W) = m(v)n +yr(v) Yo € H'(Q),

where H)/*(T) = {6 € H/2);v(¢) =0}. And if v € [C®(Q)], 7u(v) = v|r.n and
yr(v) = v|r — Y (v)n. The applications v,(v) and vyr(v) are surjective. Hereinafter for
simplify the writing, v, and vy denote normal traces of v, v,(v) and vy (v) respectively.
Now we pose ' =Ty NE

Let V' be the space defined by

V={ve H(Q);y(v) =0inTo}.

It note % : V. — HY2(X) Operator of trace relative v € V with the restriction of v(v) in

Y. This operator, resulting in V' in HééQ(E) is linear, continuous and surjective for borders

0% which is C*°, such that
Hy*(2) = {v € HA(®)|p™" %0 € LX)},
such that p a particular function.
Lemma 2 If the domain is CY1 there exist linear applications, continuous and surjective
1/2 1/2
W%TL V— Hoé (%), ’Y%T — HT/OO(E)'
with Hl/Z(Z) = {gb € Hl/z(Z)‘ On = O} and such that
T00 - 00 s ¥n —
07 — A0 0
1) =13, @Wn+ g, (W) veV.

Consider the space constraints of the fields

X = {7 = (ras) € [L(Q] " $705 = 75 . (1)

Il = (/QT ; m«) ” (12)

The condition that the norm



15 a Hilbert space. Let E be the subspace of X defined by

E={reX;div(r) e L*(Q)}, (1.3)
which is also a Hilbert space with the norm

I7llg = 7l x + [ldiv(T)| > q) - (1.4)

Lemma 3 Let Q € C%'. Then there are applications uniquely determined 7, of E in
H;1/2(F) such that

(1), v(V))p = (Tn(7), Un)py p + (72 (T), V1) p
For all T € E and v € HY(Q), and
o(T) = ™n.n and wr(T) = TN — TN,
for all T € CY(Q) where 7, = m,(7), 70 = 7p(T)

Lemma 4 Let Q) € C%. Then there exists a unique application, T linear and continuous
of E and for v € HY2(T") such that

n(r) =mn, if T € [Cl(Q)}nQ. (1.5)

Another, the following generalized verified Green formula for all T € E and for v € H(Q)

/QT ce(v)dx + / div(7).vdx = (7 (1), v(v))p, (1.6)

Q

where {.,.)p is the product of duality in H™Y/2(I') x HY2(T).

Theorem 6 Let 2 € C%'. Then there exists a uniquely application linear determined T
/
in (Héé%ﬁ])) such that
(1) = T|lgn if T € CHQ),

and general Green formula is valid for each 7 € E and for allv € V

/QT ce(v)dx + / div(r).vdz =go (7%(7),7%(v)) , (1.7)

Q



!/
where o (., .)x is the product of duality (Hé{f(Z)) X Hé(/f(z).

Also, if Q € CY, 7l operators can be decomposed into 7%, ™%y such that

00 {T2(7), 1% (v)) 5, =00 (7% (7): 18 (1)), 5 F00 (T2 (T), 121 (V) 1y,
forallTe E andv eV, and
71'%”<7') = 7|gn.n and W%T(T) = T|xn — 750,

for T € C(Q), where 7,5 = Wg,z(T)-

Proof. For more details, see [11] and [§] m

1.3 The Poincare inequality

Let © open and bounded domain from R™, 'y a part from 99 and mes(I'y) > 0, then there
exist a constant C' > 0 such that for all u € H'(Q2) and v = 0 on I'y, we have

[P <c [ 1vup

[ulloq < ClIVullgq

then

1.4 Discrete Gronwall inequality

Let y and ¢ two positive integrable function and C' > 0, if

M®§C+AE®MWBfwt20 (1.8

then

y(t) < Cexp (/Otg(s)ds> fort>0 (1.9)

Proof. sce [12] m



1.5 Stampacchia Theorem

Definition 7 Let H be a Hilbert space.
We say that a bilinear form a(u,v) : H x H — R s

- Continuaty if there exists a constant C' > 0 such that

la(u, v)] < Cllully [lvlly Va0 e H.

- Coercively If there is a constant o > 0 such that

a(u,v) > aljv|]® Yo e H.

Theorem 8 (Stampacchia) Let a(.,.) a continuous and coercive bilinear form. Let K be a

convex closed and non-empty. Given p € H' there exist a unique u € K such that
a(u,v —u) > (p,v—u) Yo € K

Proof. See [13]. =

1.6 The weak, weak” convergence

Proposition 9 Let E be a Banach space, (x,) a sequence from E, and (f,) a sequence
from E' then

—[zn = x for o(E,E"] < [(f,x,) — (f,xz) Vf € E'].
— |fa = f for o(E"E)| & [(fu, ) — (f,2) Vf € E].

Proof. See [13]. =

10



1.7 Newmark’s method

Although the method is discussed in many textbooks in structural dynamics (see, for in-

stance, Chopra, 1995), a brief description of this method specialized for the non-linear force

deformation model is provided here

At?
" = A"+ T(1 —2B)i" + 2Bi" !
" =" 4 A1 — )i+ i

Proof. For more details see[14] =

11



Chapter 2

The problem of Signorini : static case

Let Q is a bounded open set of R? initially occupying the bounded domain of class C1:!.
Boundary 0f? is partitioned into three disjoint open subsets I'y, I'y and I'c Dirichlet and

Neumann conditions are prescribed on I'y and I'y.

2.1 Problem classic(P1)

We define the problem (P1)

Find w such that

—Au=f in Q (2.1)

u=0 on I (2.2)

Ohou=g on Iy (2.3)

u, <0, N<0, u,N=0 on I'c (2.4)

such that
U, =un, Oyu=Vun=Nn+T, N=0,un, T=0,u—N.n

the conditions u, <0, N <0, u, N =0 on ['¢ are called signorini conditions 7" = 0 means

no friction on I'c.

12



2.2 Variational problem (P2)

Let
V= {v e (H' (Q))3,v:0 on Fo}

K={veV;u,<0onTl¢}

no empty, convex and closed.

a(u,v) = / VuVude Vu,v € K (2.5)
0

(F,v) = (f,v) +/ gudl Yv eV (2.6)
Fg
the variational inequality of (P1) , is the following

(P2) Find v € K such that
a(u,v) > (Fyv) Yve K

Theorem 10 If u is a smooth function which satisfies (P1) then wu is a solution of the

variational inequality (P2).
Proof. Multiplying equation (2.1)) by (v — u)

—Au (v—u)=f (v—u)

/ —Au (v—u dac—/f v —u)

/QVUV(v—u) d$—L0nun(v—u) dF:/Qf(v—u) dx

using Green's formula

was

/anun(v—u) dF:/ Ot (v — u) dF—{—/ Opu (v —u) dF—l—/ Opu (v —u) dl’
r To I'c

Ly

:/g(v—u)dF+ Opun (v—u) dl
Ly

|Ne]

13



then

/Fﬁnun(v—u) drz/Fgg(v—u) dr
a(u,v—u)—(f,v—u)—/rﬁnun(v—u) dr' = 0

a(u,v—u)—(f,v—u)—/F glv—u)dl’ >0
a(u,v —u) — (F,v—u) >0

a(u,v —u) > (F,v —u).

Theorem 11 If u is a solution of the variational inequality (P2) then u satisfies (P1) in

a generalized sense.

Proof. If u is the solution of the variational inequality (P2) then one takes v = u 4 ¢ and
¢ € (D (Q))* we obtained
a(u, ) 2 (F,¢)
CL('LL, _()0) 2> (F7 _%0)

therefore
a(u, ) = (F, p)

a(u,<p)=(ﬁ<p)+/F g ¢ dx

g

/QVquodzz::/Qfgodx
a(u, ) = (f,¢)

/Vquodx—/@nugo dx:/f.gp dx
Q r Q
/—Augodx:/fgo dx
Q Q

14

using Green’s formula



thus
/(—Au—f)gpdx:0:>—Au—f:0:>—Au:f
Q

multiplying (P1) by (v — u)

/Q—Au(v—u) dx:/gf(v—u) dx

using Green’s formula we obtain

a(u, v —u) — (f,v—u) —/&m(v—u) dr

r
through the variational inequality (P2)

/F@nu(v—u) dF—/Fgg(v—u) dr

takes v = u & ¢ with ¢ € (D (I'))* and is deducted

—/ gang—I—/anwde:O
r, r

[ G- ar-o
Ly

Ohu=g on I'y

then

where (12.3)).
For Signorini conditions ([2.4)) was

—/F g(v — ) dF+/8nu(v—u) dl' > 0

r
—/ Opu(v — ) dF+/8nu(v—u) dl' >0
r, r
taking v = u + ¢ where ¢ € (D(Q))® with suppp € T and ¢, < 0 on T'¢: we obtain

/ UpPpdl >0
|Ne]

which gives u,, < 0 on I'c we have u € K then u,, <0

now choosing v, = 0 then v,, = 2u,, is obtained

u, N = 0.

15



2.3 Existence and uniqueness of solution

Theorem 12 If f € (L*(Q))®, g € (L2(T,))’ then the problem (P2) has a solution unique
in K.

Proof.
i) a(u,v) is a continuous bilinear form coercive .

a(u,v) is a bilinear form ( obviously ) .

We have

ja(u, v)| =

/ VuVo dx
0

< c/ |IVuVudz|
Q

gc(/ﬂ(vu)zdx)é (/Q(w )de)5

< IVl 2@z VUl 22002
< (Ve gaaye + Il eaaye ) (IV0ll s + Iollzaays) -

On the other hand we have

1
2 2 2
e = (101 + 190120y
therefore
la(u, v)| < M [Jull 10 [V 10
where the continuity of a(u,v).

We have

/Q (Vo)? dx

la(v, )] =

/ VoVudz
Q

>C (|’U|iQ(Q) + ‘VU|iQ(Q)>

= C||v||§{1(9)which completes the coercivety.

ii) (f,v) continuous linear form V' Indeed, we have

16



([ (1, ra)

< cllvll g2

| svte

and

/ gudl’
Fg

Using the continuous injection of the application trace H*(2) on L*(T';) and the injection

continues to H'(2) on L?(Q) are

< lgll 2,y 10l 2 ey

(F0)| < e (loll 2 + 10l ey )

< vl g0

(7) and (77) by means of the theorem of Stampacchia the variational inequality has a unique

solution. m

17



Chapter 3

The Signorini problem Dynamic case

3.1 Problem (P.C)

Let 2 is a bounded open set of R? initially occupying the bounded domain of class C'*!.
Boundary 0f? is partitioned into three disjoint open subsets I'y, I'y and I'c Dirichlet and
Neumann conditions are prescribed on I'y and I'y.

The study of the Signorini problem in the static case , in this chapter can presented study

the same problem in the dynamic case.

Classic problem (P.C)
Let us consider the problem (P.C')

Find u verifying

i—Au=f in Qx(0,7T) (3.1)

Opu=g on I'yx(0,T) (3.2)

u=0 on Tyx(0,7T) (3.3)

up, <0, N<0, u, N=0, T=0 on I'c x(0,7T) (3.4)
u(z,0) =p°, u(z,0) =p' in Q (3.5)

18



with u, = u.n, d,u =Vun=Nn+T, N =0, un, T =0,u— N.n

where n denote the outward unit normal to  on I'c.

signorini conditions is imposed v < 0, N <0, u, N =0,T =0o0n I'¢ x (0,7
at the initial time, u(z,0) = p°, 14, = p' in Q

Where g € W2 (O,T; (L2(T,)° N <H5(F)>3), fewzs (o,T, (L? (Q))3)

The initial conditions p°, p* are assumed to belong to (H(2))* such that Ap® € L3(Q).

3.1.1 Problem variation (P.V)

We put H'(€2) = (H'(2))*, L3(9) = (L*(2))".
Let V' the space defined by
V={veH (Q)/v=0 on Ty}
and
K={veV/v, <0 on I'c}
closed convex subspace from V.
Remark 13 We can write the problem (P.V) as
find w e K such that
(P.V) /m dx + a(u,v) = L(v) Yo eV
)
(N, v, —u,) >0, Vv e K
with
uo = p’, g = p'.
Theorem 14 [f u solution of (P.C') then u satisfies the (P.V') problem

Find uw € K such that

{<'d,v—u>—|—a(u,v—u)2L(v—u)Vv€K (3.6)
u(z,0) = p°, w(x,0)=7p',
(N, v, — up) >0 (3.7)

where

a(u,v):/ VuVuv dx
Q

19



L(v):/ﬂfv dx+/F gv dr

g9

Proof.
Weak formulation of (3.1]).
Let (v —u) € K a test function, (3.1)) give

/Qii(v—u) dx+/Q—Au(v—u) da::/Qf(v—u) dx

we have
/ Au.(v — u).de = / Vu.n.(v —u)dl — / Vu.V(v —u)dx
Q r Q
we have
/ Vun.(v—u)dl =
r
/ Vun.(v—u)dl + / Vun.(v—u)dl + / Vun.(v—u) dI' =
To I'e Iy
/ Vunwv dl'+ [ Vun.(v—u) dU
o r,
then
Vun.(v—u) dI' = / g(v—u) dU
r, ry
ou
—(v — dl’ > 0
/Fg an(v w)
therefore
(t,v —u) +a(u,v —u) > Llv —u) Yve K
u(z,0) = p°, u(z,0)=p', YWwek
u

20



Remark 15 We can write (P.V) as

find w € K such that
/i/lv dx + a(u,v) = L(v) + (N,v,), Yo eV
0
(N v, —up) >0 Yve K
u(z,0) = p’ iz, 0) = p'

Theorem 16 Assume that the solution u is reqular enough, then u is solution of (P.C') if
and only if u solution of (P.V).

Proof. Taking in v = for all p € (D(Q))?( since v remains in 'V ). It is found that
(i, ) + a(u, ) = L(p), Yy € (D(Q))’ (3.8)
hence, using the generalized Green formula in (@, are
/Q(u —Au— flp dr=0. (3.9)
therefore

i—Au—f=0 ae in (3.10)

Hence .
For , we take v = for all p € (D(QUT,))" in (@ and taking included (3.9 (-) we

find

/(Vu n—g)p dl' =0
r

g9

where (3.9).

Taking v = ¢ in (3.6) for all ¢ € (D(QUTy))*

with (3.8) we find (T, por) = 0 VT where T =0 on ¢ a.e. After that we take v = u + ¢
in wz’th p € (D(QUTY))? and ¢, <0 on Ty we find (N, p,) > 0 with give N <0 on
Iy. We find v, = 0 and v, = 2u, on , we obtain (N,u,) = 0 and N(u,) > 0 then
N(u,) =0 on Iy, where .
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3.1.2 Variational inequality of (P.V)
Find u such that
/Qu@ —w)dz + /QVUV(U Cu)dr > L —u) WweK
u(z,0) = p°, u(z,0) =p'

With
L(v)—/fvdx—l—/ gudl’
Q r,

3.2 Existence of a solution

Theorem 17 Under the following conditions
[ ew?>(0,T;L3(Q)), g € W»>(0,T;L*(Tg)) and p*,p' € HY(Q) with Ap® € L*(Q).
Then there exist a solution (u, Vu) of problem (P.C') verifying

(i) we L®(0,T; K), ue L®(0,T;L3()), and i € D'(0,T;L2(S))

(i1) Vu € D'(0,T; E,(g)) N L™ <O,T; (LQ(Q>>3><3>

such that
E,(9)={r € E/T=0and N <0 on Lc,d,u=gon Ty}
and
E={re X, divr € L*(Q)}
with

X = {’7’ € (LQ(Q))SXS/TZ'J‘ = Tjﬂ'}
Proof. The demonstration of this theorem is based on five basic steps.

Step 1: time discretization

Let us consider a regular partition of the time interval [0,T] into I subintervals. Inspired
on Newmark’s method we propose the following approximation of Problem (P.C) at time

t=t,.

22



Problem (P'V)

Findu' € K , u' € HY(Q) and @' € L?(Q) verifying the inequality

i il i i1
/ (%) (v —u')dr +a (%,v - ul) > L'i(v—u') Yve K
0

L' (v) :/Qf’;v dx—l—/ggivdx
fi = f($,ti), gi = g($’ti)

Newmark’s method with parameters

1
g = 7 V=350 follows
4 - - AN AR TR L
) 1—1 c1—1
— — At SteTw
U U u o+ 5 5
e YNl
2
caleuli of u*, ', i’
. _ A2 il 4 i1
w = At arwt
2 2
iy il
W =il At ru
2
then - . -
ul 'ij,z_ . ’LLZ uz— : i i
/ wru (v—ul) dx + a (+—,v—u’) > L' (v —u')
0 2 2
we have ) 4
u' 4 2 i i—1 i1
5 T Ap (u —u = At )
then

2 i i 1 i i
A—tz/Qu (v—u)da:+§a(u,v—u)2

2
At?

a/ u'(v — ') + Ba(u',v —u') > L(v —u'), Vv € K.
Q
For the existence and uniqueness utilise Stampacchia theorem

a(u',v —u') > L(v —u') Vv e K.

Find the weak solution.
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Algorithm

1. At the initial time , u®=u(0)=p°, u'=u=p!, i® = Ap® + f°, fO = f(0)

2. For each step t;, given u*~ %, u~1, 1

problem

. . At? . . - .
/ u'(v —u') do + Ta(ul,v —u')>Llv—u'), Yve K
Q

witch have unique solution

3. Final, we obtain ', i with Newmark’s method.

Step 2: Approximated solution of problem (P.C)

First approximation

we obtain u' as the solution of the variational

In this step, several sequences are constructed from the solution of the approximated problem

(P'V),1<i<1I, when I — co. To do that, let us take the following functions

U+ it

It =™+t —ti) + ( 1

WHT) = !, WN(T) =4l

) (t - ti71)2 vVt € [tifla ti);

(3.14)

hl(ti 1) = u™t, hi(t;) = u® it can be seen that h'(t) € CY(0,T; HY(Q)) and h! is C* at each

subinterval (t;_1,t;).

g i—1

A (t) ==t + %(t —ti_q), t € [tiii,ty)
for each i =0, ...,2!, hl(ti) =

h(t;) € L®(0,T; HY(Q)), such that

. i 1—1

ot tE [tis, th).

2
A assistant t; we obtain fori=1,...,2!
g i—1
lim A1) = w4 @A+ AR — = B ()

t—t; 2
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lim Af(t) = 0t + —————At = o' = hl(t;) (3.17)
t—st; 2

then h(t) € C(0,T; H'()).

Remark 18 Note that hi(t;) € K, there is no guarantee that h! € K for all t € [0,T).

Another approximation

Now choose another four approaches to a solution of the problem (P.C') which are also

convergent when I — oo. We define

i i—1
() = ui=! + %(i Cti), VEE st (3.18)
7 1—1
L(t) = b = % Vi € [tiy, ti) (3.19)
hy(t) = ', Vt € [ti1,t;) (3.20)
ul(t) =u', V€[t t) (3.21)

Remark 19 Note that in this case 1'(t), hL(t), ul(t) in K for allt € [0,T).

*

Step 3: A priori estimates

To obtain a priori estimates the following lemma.

Lemma 5 Let u', @' and i’ be the solution of problem (P'V) ;1 <i < 2" and h! define by
for each subinterval (t;—1,t;) of (0,T) verifying

boyd .
—— |hf (¢
| sl

2 ti 1 d o ,
@ dt + / ——a(h'(t), M (t))dt < L'(u" —u'™) (3.22)
ti—1

with

a(u,v) :/Vqudx
0
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Proof. Taking v =u"""1in to obtain
i1

P ’ _ i il o A
/ (UZ + Ui_l) z Qu —dz + a (UZ +u %) < L'(u' —u'h). (3.23)
Q

First, we rewrite the first member of equation in term of h1(t). Utilise , we can

prove - -
w—ut AL ARG+ !

_ At AT w4 U 24
2 T T (3:24)
) ) At2 7 i—1
w+w*=211+mw1+7fﬂ;;— (3.25)
At |
— (u + i 1) A e
2 Jo
AP [ iy .
) ( 2 ) i
At? 1 A2 (4 +u
—a | u",
2 4
+Aﬁ oAt +A# i+ u+u
g P\ 1 ¢ 4
. At2 .
+Ata (u” )1 )—i——a( =gt 1)
N ! .
) a<“';“ )<<L%Z ) (3.26)

Now the first member of this expression corresponds to we obtain

L TN ld o
/ = (h (t)HLQ(Q) dt+/ 5= (W(2).h (1)) dt

RE(t), t € [tii1,ts)

2 P T RPN Ty
-1—1 c1—1
L2(Q) /Q <u 2 ( 1)) (u 2 ( 1)> o

g i1 g i1
/ e (u1 LA m)) i
0 2 2
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and, on [t;_1,t;)

1d 1 I I 1
S (W), 1 1) /Vh ) V! (£)da

— /Qv (uil + %(t —t“)> :

it + uzfl

V (Ui_l + Uz(t — ti_1> + T(t - tz’_1>2> dx

= / Vit V' e + / Vit VTt — i )da
Q Q

i—1
T / Viiy (%) (L=t 1)de
Q
i—1
+/ \Y% (%) :Vui_l(t—ti_l)dx
Q
i—1
+/ \Y (%) VATt — ) ?de
9

- q 5—1 g ci—1
4 / v (+_) v (+_) (t—ti)de.
Q 2 4

tz
/ %%a (h'(t), W' (1)) dt:At/vu“ : Vu'lda

2
Al /Vu’ N T 1dx+—/V i 1v(u>dx

4
A 2 i—1 ]
2 Jq 2

At3 i—1 )
+— | V (u) V' ldr
3 Ja 2

At? il 4 it a4 it
A (T) Y (T) dz. (3.28)

From -, we find the result. m

then

Proposition 20 Let h! define with , then

o ||A(ti)ll g1 (o is bounded by constant independent of I and k, 1 <k < 2!
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o ! and h' are bounded in C(0,T; L*(Q)) by constant independent of 1.
Proof. For all k such that 1 < k < 2!

1 d 2 2
dt = th (th) .
Z/ 2dt L2(Q) ( k) LQ(Q))

/.l L (R (), h'(t)) dt = %<a (A" (tk), h' (tx)) — a (h'(0), h'(0)))

Then by lemm@ and for 1 < k < 2!

[

L*(Q)

1 (s LA, () ) < L i (0) S a(rl(0) +ZLZ (v =i
2 F L2(Q) R b — 2 LZ(Q)
(3.29)
Now, we obtain superior borne for the second term cote adroit of ; it give that
ui + Ui_l = hl(tl) — hl(tifl) (330)
then
k k
Zy(ui —u' ™) = LR (), B (i)
' i=1
k
(Z — L) (B'(¢ »))) + LF(h' (1)) + LY (h1(0)). (3.31)
=1
Therefore
|L*(h(ty))| < ’ / Fht)| + || g'h(te) (3.32)
Q T,
< [l )l + gl IRCE 8
< (110 reaon 190 smorazaryy ) 1A oy (3.33)
< Cu{[h(@e) 1
and
L ((ty)) = L (At)| < || f7 = £ IR, + (19" = g 1) ) (3:34)

(HfHLoo (0,T5L2(22)) + gl o (0,T;L2(9)) ) ||h(75k)||H1 (3.35)
< Co |h(te)ll gy - (3:36)
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We reprehend the value absolu of (3.31)), utilise and applying Holder inequality

ZL’ ut =t <C‘1AtZHhI Moy + (H’”f )y + 17O sy -
where Cy, Cy are positive constants. Thus, from (| it follows that

([0, +a (o100 ) < (th o (100, 10)))

+2<02At2|]h M a +01(th(tk)HHl(Q)Jrth(o)HHl(m>>. (3.37)

Now, since the bilinear form a(.,.) is coercive there exist constants positives C, Co and Cs

independent of I and k such that

L) L)

k—1
117 @) 1571y < o Co [ ) 11 +03AtZHhI ] (3.38)
forall1 < k <27,
Suppose that Cy > 1 the precedent inequality means
k—1
15" ()| g1y < O+ Co CgAtZO 1B )| 1y (3.39)
applying discrete Gronwall inequality ( see Lions [12] ), we obtain
|2 ()] ) < Ce”, C €RT. (3.40)

Then hi(ty) borne in H*(Q)) by constant independent of I and k.
From we obtain that h! bounded in L3(Q) by constant independent of I and k. By

consequence, h! linear by piece

i

2

2 i )
2
t) ) < maX{Hh(ti_l) 12(0); h(t;)

then hl(t) borne in L*(Y), borne in C(0,T; L*(R)), then
¢
RE(t) = h'(0) +/ hl(s)ds.
0

Then it is not easy to prove h'(t) borne in C(0,T; L*(Q)) by constant independent of I for
allt € (0,7). m

} YVt € [ti—la tl]

L2(Q)
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Corollary 21 Let h! define by there exist subsequence we note with I, when I — oo
we obtain

bl — h weak * in L>=(0,T; L*(2)) (3.41)
Wl — h weak x in L®(0,T; L*(2)) (3.42)
Proof. When L®(0,T;L*(Q)) = [L(0,T; L*(Q))] and L'(0,T; L*(Q)) a Banach separa-

ble, the result is direct see (Brézis [13]), note that the limit of h' and h,then uniqueness the
limit in D'(0, T; [L*(2)]wear ) (see [15] Lions). m

Another priori estimates
Proposition 22 Let I'(t), hi(t), hi(t) and ul(t) define by - then

* Hhi(t)HHl(Q) and Hui(t)HHl(Q) are bounded by constant independent of I for all t €
[0, 7).

* Hll(t)HHl(Q), (1) are bounded by constant independent of I

for all t € ]0,T].

and Hhé(t)”m(g)

L*(Q)

« b1 is bounded in L>®(0,T; H-1(Q)).

Proof. From definition of h! we have u' = hi(t;) for all 0 <i < 2! |

piy = 1) +2hl(t“), Wt € [ty ts) (3.43)

and
ul(t) = ' (t;) Yt € [tii1, t;) (3.44)

and hi € L>=(0,T; HY(Q)) and uv* € H*(Q) for all i, and

RI(t;) + hI(t; 1)

I = |5

HY(Q)

< 5 (I gy + B i) o) V2 € i 1) (3.45)

DN | —
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then the result by propositionf20 h(t) borne in L=(0,T; H(Q)) by constant independent of
I. The same, ul(t) borne in L>=(0,T; H'()) by constant independent of I. Now, I! linear
by piece

O8] [ S S W

borne by constant independent of I and k,

1@l ey < mox {0l
and () = h'(ty) and [|h' (t) || ;1 g

borne by constant independent of I. For prove that I' borne

FO 20

- ut 4wt
M = =5

with, by and can be rewritten as

. Atiit + it RI(t_ hi(t;
i AL ET W) Fh(G) [ti1,ti).

(t) =7
(t) =1 2 9 2

Then ' '
hi(t;_1) + hi(t;)
2

12(Q)

(3.46)

40

L2(Q)

Thus, again by proposz'tz'on th(t)H ) 1s bounded by a constant independent of I for
L2(Q

allt € (0,T). Even so

|} [#1)

o = ‘ pry? VEE i)

Finally , of the boundedness h' in L=(0,T; H1(Q)) is obtained as a result direct from the

previous boundedness and equation can be written in terms of h! and hi as
W — AR = fLin Q (3.47)

such that fL(t) = f§ for allt € [t;_1,t;). ™

Step 4: Convergence of approximate solutions

Corollary 23 Let I'(t), hi(t), hi(t) and ul(t) defined by — respectively . Then

there are equal subsequence depend with the index I as I — oo then there exist subsequence

we obtain the following convergences
' — 1 weak * in L>=(0,T; H*(Q)) (3.48)
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! — [ weak % in L®(0,T; L*(Q)) (3.49)
hf — h, weak x in L*°(0,T; H'(Q)) (3.50)
ul — u, weak * in L>=(0,T; H'(Q)) (3.51)
hi — hy weak = in L>(0,T; L*(Q2)) (3.52)
hl — h weak « in L=(0,T; H(Q)) (3.53)

Proof. The proof is similar to that of corollary[21, =

Corollary 24 Let h! and I' defined by and respectively. Then there exists
sub -suites, equal denoted with the index I, such that I — 400

" — 1in C([0,T); H°(Q)) N C5([0, 7], H'(Q)), 0 < B <1, (3.54)

Al — hoin C([0, T); HY(Q)) N C([0, T],L3(R)), ~1 < a <0, (3.55)

optionally after a change on a set of measure zero.

Proof. The proof of this result is a consequence of the boundedness of h!, h, | and | and
the lemmdl m

Uniqueness of the limit

In this section, we will show that all the terms in (3.41), (3.50), (3.55) and are equal
h =1= h, = u, Then, from and using the formula Barrow C functions [t;_1, ],
we have

RI(t)  Ri(t)  hi(tiiy)  KL(t)

h'(t) — hi(t = - B
|Af(t) *()HL2(Q) ‘ 5 T 2 2 2@
T e L[
o o [ <Jo o
2 /i, t L2(Q) 2 Ju s L2(Q)
1 t . .
L iy < At th :
+ H 2 /t;l (S) S -~ (S) LOO((]7T;L2(Q)) — 0 (3 56)

L2(9)
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when I — oo. For all h and h, are equal to L>(0,T;L*(Q)) and then that h, €
L=(0,T; HY(Q)) as h € L®(0,T; HY(Q)). Similarly, it is shown that h and u, are equal in
HY(Q). In addition, and then [ is bounded in L=(0,T; L*(2)),

Hll(t) - ui(t)HLQ(Q) = ||l1(t) - ll(ti)”m(ﬂ)

_ ‘ /:i 7 (s)ds

when I — oo. Similarly, it is shown that h and hy coincide with L*(QY). Then, | = u, =

< At Hz’f(s)H 50 (3.57)

LQ(Q) Lee (07T§L2(Q))

h. = h. Hence forth, we denote this limit by u. In summary, we have shown the following

CONVETGETNCES.

Theorem 25 Let h', 1", hi, hj and ul are given by (3.14)), (3.18) (3.19), (3.20)and (3.21)

respectively. Then there exist u such that

' = w weak x in L>®(0,T; L*(Q)) (3.58)

' — i weak * in L=(0,T; L*()) (3.59)

I — v weak * in L=(0,T; H(Q)) (3.60)

I — w weak x in L>=(0,T; H'(Q)) (3.61)

ul — u weak * in L°(0,T; H'(Q)) (3.62)

hi — 1 weak  in L>®(0,T; L*(2)) (3.63)
V(hi) = V(u) weak * in L>=(0,T; L*(Q)) (3.64)

another, we have the limit

. injoo(hf —rh=0 (3.65)

Jim (b —u)) =0 (3.66)

zinﬁoo(ll —1H=0 (3.67)

strong in L°°(0,T; L*(Q)).
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Corollary 26 Let h' and I' are given by , . Then there exist u such that
A —s win C([0,T); H(Q)) N C4([0,T], L3(Q)), —1 < a <0, (3.68)
' — win C([0,T]; H?(Q)) N Cy([0, 7], H()), 0 < B < 1, (3.69)

Proof. From Corollary |24 and the uniqueness of the weak limit. m

Theorem 27 Let hl and ul are given by and respectively . Then
hl —u! — 0in D'(0,T; H(Q)), (3.70)

' —ul — 04in L0, T; H'(Q)), 0 <r <1, (3.71)

when I — o0.

Proof. Let ¢ € D(0,T). Let I > Iy, where Iy is such that support of ¢ is continue in
(00, T — o] with 5o = T/2%, so that supp(p) C [0, T — 8], be § = T/2!. Then

|t — et =3 [ wde) - adtepetera

21

=3 [t - e

1=0

be s = @(t + 0) and for all, | — ps| < ¢d, be ¢ = max Cfl—f‘ Consequently,

2l -1

= IR L e
=1

T
/<M—¢wﬁH
0 HY(Q

2[71 2

<e? | (2F - 1)Z H“IHZI(Q)

<cb? ((2" - 1)20)%
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< 6672
=¢0°T/6 = 0T — 0 if § — 0.

Where ¢, C' and ¢ are positive constants. To prove by using the convergences, fol-
lowing

' =1 weak x in L>=(0,T; H'(Q))

! — [ weak % in L=(0,T; L*(Q)).
Let 0 <r =0a+ (1 —0)8 <1, and for r # 1/2. There exist a set A C [0,T] such that
mes(A) =0 and for all ty, ta € [0, T\ A, with t; <t

17 (t2) = 200 12y < Mo lIE 82) = 1 (1) [ 30 17 (12) = 260 1

to . 0
< My ( / 1(t) dt)
i L?(Q)
< My(ty — t)2 (3.72)

In particular, for all t € [t;_1,1;]\A, then

[ul — 17| < My(t; —1)F — 0,

ey = 11 () = O] g

when I — 0co0. N

Theorem 28 Let u be the limit presented in theorem [23, then

ue L>0,T; K) (3.73)

w € L>®(0,T; L*(Q)) (3.74)

i € D'(0,T; L*(Q)) (3.75)

Vu € D'(0,T; H(div)) N L*®(0,T; L*(Q2)) (3.76)

Proof. According to the relation we have

/ hode + a(hl,v) > Li(v) Yo € K
0

35



this inequality is true for v(t) € L*(0,T;V); v(t) € K a.e and

/ /hf dxdt+/ (hi,v(t))dtz/OTL*(v(t))dt, Yo € L*(0,T; K)

v(t) = p(t)w(t) such that p(t) € D(0,T); w(t) € D(£2) we have integration by parts we find

the first term
_/T/hv(t)dzdtJr/Ta(hi,v(t))dtE/OT/Qf*(“(ﬂ)dt

for v(t) = —p(t)w(t), found

/ /hv dxdt+/ hﬁ,v(t))dt:/on*(v(t))dt, (3.77)

we can also prove that

/0 a(h! dt—>/ )dt, if I — oo (3.78)

/ /f* d:vdt—>/ /f ))dxdt. (3.79)
Therefore
/OT/QM(t)dwdH/OTa(u,v(t))dt= /OT/va(t)dxdt for Yo € (D(0,T) x Q).

To prove, it suffices to see that ul = u € K and since ul >uin L®(0,T; H'(Q)) then
ul > in L°(0,T; K) where . We have directly by h' = b in L=(0,T; L*(Q))
with a test function v(t) € D(0,T; K) found

/OT/in(t)dxdt—/OTA(U)v(t)dt:/OT/va(t)dxdt for Yv € (D(0,T) x Q)

i—Au—f=0a.ein@=(0,T)xQ. (3.80)
As € L>(0,T; L*(Q)), then i € D'(0,T; L*(2))

and that

i = (Au+ f) € L®(0,T; H'(Q))

i € D'(0,T; L*(2)) N L>(0,T; H () where (3.75).
Such that V(hl) — V(u) in L>(0,T; L*(R?)) and Vu € H(div) = Vu € D'(0,T; H(div))
where Vu € L*(0,T; L*(Q)) N D'(0,T; H(div)) where . =
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Theorem 29 Let u the precedent limit by theorem then u verifying the condition .
Proof. From corollary [26

' — win C([0,T]; L*(2)).
Then, as 11(0) = p° for all I, we can pass to the limit and obtain that u(0) = p°.
Another

W — @ in Cy([0, TT; L*(Q)),

then
/hI(O)vdx —>/u(0).vdx, Vv € L*(9)
Q Q

witch give h'(0) = p' for all I then

/U(O)vdm:/plvdx, Ve L*(Q).
Q Q

Step 5: The limit u is solution of problem (P.C)
In this step, we will show that the weak limit u is a weak solution of problem (P.C'). For
this it suffices to show that u is a solution of the problem
(i, v) + a(u,v) = L(v) + (Opu.n,v,) Yo € V
(P.V) < (Opun,v, —u,) >0Vv e K
u(z,0) = p°, u(x,0) = p'.
Let consider the following problem
(b, v) 4+ a(h,v) = L'(v) + (B,h'n,v,) Yo €V
{ (Ophim,v, —ul) >0 Vv e K

which comes from the properties of solutions of the problem (P'V'). With the aid of functions

hL and ul. Defined in the previous problem on the interval [0,T] following suite

/T <ﬁ1,v(t)> dt + /OTa(hi,v(t))dt _ /0

0
T
(On(hL), v (t) —ul,)dt >0, Vo e L'(0,T; K)
0

T

Li(v(t))dt + /T (On(hL).m,va(t)) dt Yo € LY0,T; V)
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such that

! v) = / ffvdxjt/ gf(v)dl“ where f*I(t) = fi,gi =g’ in Jti—1, ti].
Q r

g

For v(t) € D(0,T;V) we have

<ﬁl,v(t)> =— <hl,1)(t)> in sens of D'(0,T).

And
Al — 4 in L®(0,T; L*(2))

i.e/OT <hf,g<t>> dt —s /OT (i, g(t)) dt ¥g € L'(0,T; LA())

and the fact that v(t) € L'(0,T; L*(Y)), then we can pass to the limit on I, we obtain

T T
/ / hlo(t)dzdt —s / / i (t)dadt.
/ ))dt — / a(u,v(t
/ / Li(v(t))dt — / / ))dxdt.
Therefore, we have

/OT(u,v(t)>dt+/OTa(u,v(t))dt:/0 ))dt + hm/ (On(hl)m,v,(t)) dt  (3.81)
the form
An 2 V(1) —>/0T (ib,v(t))dt—i—/OTa(u,v(t))dt—/OTL(U(t))dt

defines a continuous linear form on D(0,T; H2(Ty)). Then

/OT (ii,v(t)>dt+/0Ta(u,v(t))dt:/OTL(v(t))dtJr/oT O, vn(8)) dt Yo € D(0, T: V)

another .
/ (Bu(h1)., va(t) — s (1)) dt > 0 Yo € LY(0, T K)
0

then
/ (On(hL).m,v,(t)) dt > / (On(hL).m, un(t)) dt Yo € LY(0,T; K).
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Hence , we have from for v =ul in D'(0,T; H 2 (L)), that

T
/ (An, vp (1)) dt > hm/ (On(hL).m, ul, (1)) dt
0

T T
> lim (/ <h1,v,{(t)>dt—/ a(hi,Ui)dH/ Li(ui)dt)
I—© 0 0 0

another, we have

and
T T T
/ ah! ul)dt = / a(h! — ul ul)dt + / aful, ulYdt.
0 0 0

According to
a(h! —ul,ul) — 0 in sens of D'(0,T)

and according the semi continuity of norm define with a(.,.), we have

T T
lim a(ul, *)dt>/ a(u,u)dt
0

I— o0 0

T T
/ Li(ui)dt—>/ L(u)dt
0 0

By consequence

/OT </\n,vn(t)>dtZ/OT (il,u)dt—I—/OTa(u,u)dt—/OTL(u)dt:/OT O, Un (1)) dt

where

and

My Un(t) — un(t)) > 0in D'(0,T; K).

Finally, we obtain
T T T T
/ (i, v(t)) dt +/ a(u,v(t))dt = / L(v(t))dt +/ (An, vp) dt Yv € D(0,T;V)
0 0 0 0

/T (An, Un(t) —un(t)) >0 VYo € (0,T; K)

Remark 30 Conditions of reqularity, we can see X\, = O,u.n.
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Conclusion

We discussed in this memoir, we presented an existence result of the dynamic Signorini
problem. Among the issues encountered are those related to reqularity of the solution and

the uniqueness of the solution. Was another issue related to extensions of the problem and
study the same problem but this time with friction.

Then we have as prospective
o Study uniqueness of the solution.
e Regularity of the weak solution.

e Friction dynamic signorini problem.
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